We reformulate the standard Lagrangian formalism to a reparameterisation invariant Lagrangian formalism by means of Finsler and Kawaguchi geometry. In our formalism, various types of symmetries that appears in theories of physics are expressed geometrically by symmetries of Finsler (Kawaguchi) metric, and the conservation law of energy-momentum is a part of Euler-Lagrange equations. The application to scalar field, Dirac field, electromagnetic field and general relativity are discussed. By this formalism, we try to propose an alternative definition of energy-momentum current of gravity.
I. INTRODUCTION
It is essential for an action integral to be defined irrelevant of parameters so that the variational principle (the Hamilton's least action principle) becomes a geometrical expression. Namely, the Lagrangian of the system needs to be reparameterisation invariant. The standard way to derive the conservation law of the energy current (energy-momentum current for field theory) is by the Noether's theorem in accord with the translational symmetry.
However, in the reparameterisation invariant system, it appears as a part of Euler-Lagrange equations.
Let us take an example of a free particle moving in the Schwarzschild spacetime:
The Euler-Lagrange equations are given by, with , i = 1, 2, 3. Notice that the first equation is what we call the energy conservation law of a relativistic particle. This happens because the action of a relativistic particle is reparameterisation invariant, and only three equations out of four are independent. There is no reason that we should not choose this first equation as the equation of motion. The energy conservation law and the equations of motion are equivalent, in this sense.
We see the same mechanism in the model of a free bosonic string. The Lagrangian of Nambu-Goto action is, 
with µ = 0, 1, . . . , N. These equations contain the conservation law of the energy-momentum current. We can see this by taking the spacetime parameters, τ = X 0 , σ = X 1 , then the equation for µ = 0 (µ = 1) becomes the conservation law of energy (momentum) current. This is also because the Nambu-Goto action is reparameterisation invariant.
However, these are specific results when the action is reparameterisation invariant, and without this invariance, such equations does not appear as Euler-Lagrange equations, even if it is a conserved system. Nevertheless, it is known that any Lagrangian system of finite degrees of freedom can be rewritten in a reparameterisation invariant form without affecting its physical contents [9, [13] [14] [15] 19] .
In this paper, we will further extend these results and show how to consider every Lagrangian systems of standard physical theory by the framework of reparameterisation invariant Lagrangian formulation. Conventionally, Lagrangian system is described by a set of configuration space and Lagrangian (Q, L), but in general, this (Q, L) is not a geometric space. In the reparameterisation invariant Lagrangian formulation, we will use the extended configuration space M := R n+1 ×Q instead of Q, and Finsler metric F (or Kawaguchi metric (areal metric) K for field theory) as a Lagrangian. The pair (M, F ) (for field theory, (M, K)) becomes a geometrical space; a space endowed with a length (area), which is invariant under reparameterisation. The solution obtained by taking the variation of the action becomes an oriented curve (oriented k-dimensional submanifold) in the Finsler (Kawaguchi) manifold. Since the action is given by taking the integral of the Finsler (Kawaguchi) metric over the oriented curve (oriented k-dimensional submanifold), the Euler-Lagrange equations derived from this action are apparently reparameterisation invariant, and therefore the energy (energy-momentum) conservation law appears as their part. Thus, the previous examples could be reinterpreted as follows.
The first example, a relativistic particle moving in Schwarzschild spacetime is described by the Finsler manifold:
and the Nambu-Goto string is described by the Kawaguchi manifold [7] : M = R N +1 , K = κ 0 − 1 2 (dX µ ∧dX ν )(dX µ ∧dX ν ), (dX µ = η µν dX ν ) .
As we mentioned, these are the special cases where the Lagrangian already had the property of reparameterisation invariance. However, our formulation is not restricted to such special cases, and we will later show some examples for the Lagrangian without this property.
In the next section, we will give the definition of Finsler and Kawaguchi manifold used in our formulation. The Finsler-Kawaguchi Lagrangian formulation is described in section 3, and the examples of a point particle, scalar field, Dirac field, and electromagnetic field are introduced successively in section 4. We show that the quantities regarded as the conserved currents in the standard sense appears in the Euler-Lagrange equations. Finally in section 5, we apply the theory to general relativity, and compare the quantities that were derived in the same way as the conserved currents in section 4. We propose that such quantities could be interpreted as the energy-momentum currents of general relativity.
II. FINSLER AND KAWAGUCHI MANIFOLD
A Finsler manifold (M, F ) is a natural extension of a Riemannian manifold. M is a differentiable manifold and the function F defined by However, from the viewpoint of physics, we need to consider it as a more general sub-bundle of T M, since it is not guaranteed that we could always have the function F on the whole
T M
• . The last condition in (1) is called the homogeneity condition. The Finsler function gives a vector a geometrically well-defined norm, due to this condition.
In this paper, we formulate the application of Finsler geometry to a Lagrangian system and derive its equations of motion and conserved currents. Since the standard Lagrangians of physics are given in local coordinates, we will also give the definition of a Finsler manifold (M, F ) in local coordinates. Let M be an (n + 1)-dimensional differentiable manifold and U be a subset of M. The Finsler metric is written as a function of the coordinates x µ and the 1-forms dx µ with (µ = 0, 1, . . . , n), on U. The latter dx µ could be also regarded as coordinate functions on T M, but we opt to consider them as some variables on M. The homogeneity condition is expressed by,
The Finsler metric gives a tangent vector v ∈ D(F ) p ⊂ T p M its norm by,
Standard literatures of mathematics also assumes the following conditions:
However, for our motivation, these conditions are not necessary. The only requirement for our theory is the homogeneity condition (2).
Next, we will define the Finsler length of an oriented curve c on M by,
where c :
The pull back of F = F (x µ , dx µ ) by the map c is naturally considered as c (2) . In this sense, it is a well defined geometrical length for the oriented curve c.
The field theory can be also formulated by the infinite dimensional Finsler manifold.
In this case, the theory is reparameterisation invariant only with respect to the "time"
parameter. However, we will show that the mathematical structure becomes more simple if we use the Kawaguchi manifold. It introduces us to a finite dimensional configuration space formulation.
A Kawaguchi manifold (M, K) is a natural generalisation of Finsler manifold to a multidimensional parameter space. It is also called the k-dimensional areal space [8] . Here, M is an N-dimensional differentiable manifold and K is called the Kawaguchi metric. K defines a k-dimensional area for an oriented k-dimensional submanifold of M (1 < k ≤ N). We can construct its definition in parallel to Finsler geometry. A Kawaguchi metric (or Kawaguchi function) K is a function such that satisfies:
where D(K) is assumed to be a sub-bundle of Λ k T M, and 
The latter k-form could be also regarded as coordinate functions on Λ k T M, but as in the case of Finsler, we opt to consider them as some variables on M, expressing the first-order derivatives. In these local coordinates, the homogeneity condition becomes,
As a generalisation of Finsler metric, Kawaguchi metric gives a geometric norm to a k-vector
and by integration, defines the k-dimensional area to a k-dimensional oriented submanifold σ by:
Here, the map σ : W ⊂ R k → M is called a parameterisation of σ, and the variables in (8) are understood as,
We define the pull back of the Kawaguchi function K by the map σ as σ
Then, by using the homogeneity condition,
becomes a reparameterisation invariant area of σ.
III. COVARIANT LAGRANGIAN FORMULATION
Finsler geometry originated when considering the geometry of calculus of variations.
Therefore, it is a natural setting for formulating the variational principle considered in physics.
Firstly, we will explain how to handle the Lagrangian system with finite degrees of freedom in terms of Finsler geometry. It would be ideal if we could start from the definition of Finsler manifold (M, F ) completely in a covariant fashion, namely, without any specific choice of M. Physicists, however, always fix the "time" parameter during their experiments, and it is this physicist's view point we have to take into account. So, we will start our discussion with the pair of configuration space and Lagrangian: (Q, L). Note that this implies we have already selected a certain "time" parameter, and chose the theoretical model as L (q i ,q i , t).
We will construct our Finsler manifold (M, F ) in accord to this model (Q, L), and it is given by the following [9, 15] :
with µ = 0, 1, · · · , n, i = 1, 2, · · · , n. M is the product space of time and configuration space Q, and is called the extended configuration space. It is easy to check that the above F (x µ , dx µ ) satisfies the homogeneity condition (2), and therefore is a Finsler metric. By the reparameterisation invariant property of Finsler metric, the choice of the "time" parameter does not affect its physical meaning. We will call this Finsler metric a covariant Lagrangian and our method a covariant Lagrangian formulation.
The trajectory of a point particle (an oriented curve c which satisfies the equations of motion) in the extended configuration space is determined by the principle of least action.
The action integral is given by
Secondly, we derive the Euler-Lagrange equations which determine the extremum curve c. We set the initial point p 0 and the final point p 1 on M, and consider a differentiable map ϕ :
The map ϕ ε satisfies the conditions
Let the vector field X ∈ Γ(T M) be a generator: ϕ ε = Exp(εX). We define the variation of the curve by δc = d dε ε=0 ϕ ε (c). The principle of least action is described by
Now, choose a parameterisation of the curve c :
The integrand of the last part of (11) is evaluated as,
Here we used the notation δx for δx µ = c * X µ . Therefore, the condition that the action is at its extremum becomes,
and such curve c is called the extremal of the action A[c]. We call (13) the Euler-Lagrange equations. These equations are reparameterisation invariant, since they are derived from a reparameterisation invariant action integral. Notice that the reparameterisation invariant property makes them dependent on each other.
Thirdly, we comment on the Noether's theorem. Let us assume that the system has a certain symmetry. It is convenient to use the generalised expression of Lie derivative, and its action to the Finsler metric F with respect to the vector field v = v µ ∂ ∂x µ is given by,
The vector field v which satisfies L v F = 0 is called the symmetry of F . In other words, it is a Killing vector field of F . Considering
under the assumption that Euler-Lagrange equations are satisfied; namely, the curve c is the extremum, we obtain a conservation law:
This is the expression of the Noether's theorem by our formalism.
If the Lagrangian L does not contain x 0 explicitly (i.e. a conserved system), the Finsler metric constructed by (9) also does not include x 0 . In this case, x 0 is called a cyclic coordinate, and its Euler-Lagrange equation for µ = 0 represents the conservation law of this system. On the other hand, the conservation law is also obtained directly by inserting the generator v = ∂ ∂x 0 to (15) . Either way leads to the same expression.
Now, we will move on to the field theory, that is the Lagrangian system with infinite degrees of freedom. As we have mentioned in the beginning of this section, it would be better if we could start from the definition of the Kawaguchi manifold (M, F ), with general M. However, under normal circumstances, we can only observe the nature by fixing the "spacetime", namely the parameter space W , as we have fixed the "time" parameter for the case of dynamical systems. Therefore, we will start by considering the standard Lagrangian
, where E π → W, Q are the vector bundle and its fibre [3, 12] . We choose the total space E to be our Kawaguchi manifold
A ∂x µ as follows [13, 19] ,
Here, (z
where D is the degree of freedom of fields. The totally anti-symmetric Levi-Civita symbol ε µνρσ , (µ, ν, ρ, σ = 0, 1, 2, 3) has the convention: ε 0123 = −1. Note that the field variables: u A are treated as independent variables, just as the spacetime coordinates x µ are. This is the major difference from the standard Lagrangian formalism. The K constructed in this way satisfies the homogeneity condition (6), and we obtain our Kawaguchi manifold, (M, K). The second argument of (16) may look a little complicated, nevertheless, its pull back with respect to the spacetime parameters: x µ gives the standard variables, ∂u
where σ is a 4-dimensional oriented submanifold in M. As before, the least action principle is described by the map ϕ ε = Exp(εX) on M which is fixed on the boundary. Then the variation of K by X becomes,
where we had taken arbitrary spacetime parameterisation σ :
) with respect to ε. By similar considerations as in the case of Finsler, we obtain the EulerLagrange field equations,
These equations are reparameterisation invariant, and again, they are dependent on each other, at least, four of them.
The Noether's theorem could be also obtained for the field theory. The expression of generalised Lie derivative of the Kawaguchi metric K with respect to the vector field v = v a ∂ ∂z a on M is now given by
The vector field v such that satisfies L v K = 0 is called the symmetry of K, or the Killing vector field of K. Under the condition that the system satisfies the Euler-Lagrange equations, we obtain
as a conservation law.
If the Lagrangian L does not include ( 
IV. EXAMPLES
From this section, we will omit the pull back symbol c * (σ * for Kawaguchi) unless we want to emphasize, for notational simpilicity. However, it is important to keep in mind that these equations are effective only on the submanifold; c (σ).
A. Newtonian mechanics
We begin with an example of Newtonian mechanics, using the Lagrangian formulation of Finsler geometry. Let L be the Lagrangian of a potential system for an n-dimensional
Here, m is the mass of the particle. We define the Finsler manifold (M, F ) by,
Note that this F is defined only on the sub-bundle
The reparameterisation invariance gives us the freedom to choose the time parameter s,
The standard choice is to take s = x 0 . By this choice, c
ds ds, and one can verify that (22), (23) gives the conventional conservation law of energy and equations of motion. However, from the perspective of the covariant Finsler formulation, such choice of parameterisation is not obligatory, and we may take a parameterisation such as s = x 1 , under the assumption we are only considering on the local coordinate system. This is one of the significant results of our formalism.
The conservation law (22) can be also derived from the Noether's theorem, namely,
B. Scalar field theory
The first example is the real scalar field theory on 4-dimensional Minkowski spacetime (R 4 , η), where we take an affine coordinate system:
where V (φ) is the potential term. The Kawaguchi manifold obtained from this Lagrangian
M = R 4 × R is the extended configuration space, and we use abbreviations and notations such as dx
The Euler-Lagrange equations are derived by using (18),
It is also possible to derive these equations by directly calculating the variation, (17) . Usually, for more complex systems, the calculation is more simple by the latter method. The covariant conserved energy-momentum currents are derived as, 
This means that we are simply taking the coordinates of Minkowski spacetime as parameters.
The pull back of the Kawaguchi metric to the parameter space becomes,
which is just the conventional Lagrangian function times the volume form of Minkowski spacetime. The second equality is obtained by the cancelation of dx 0123 which appears by the pull back on the numerator.
Next, we will also pull back the Euler-Lagrange equations by this specific parameterisation, σ(x). Consider φ(x) as a function of x µ Cand treating d as a normal exterior derivative, we get:
, therefore, the pull back of (27) by
which is the standard wave equation of φ. Similarly, the pull back of energy-momentum current (28) for µ = 0, 1 becomes,
which is also the well-known definition of the standard energy-momentum current.
A well-established approach to deal field theory by geometry is to use a fibred bundle (normally a vector bundle) structure, where the field is described by the section of a bundle. Since the formulation is geometrical, the theory does not depend on the coordinates of the spacetime, which is the standard meaning of covariance. This means, we can use arbitrary spacetime coordinates f µ (x ν ) as spacetime parameters. However, our approach using Finsler/Kawaguchi geometry, also admits coordinates of the formf µ (x ν , φ), including the field φ as spacetime parameters. We call such a property, an extended covariance. In our formulation, we derive the 4-dimensional submanifold in the Kawaguchi manifold, by calculus of variation. We could say that the extremal submanifold is the true spacetime, not the parameter space which must be set beforehand.
C. Dirac field theory
Next example is the theory of free Dirac field. The conventional Lagrangian is given by
where ψ is a spinor, andψ := ψ † γ 0 is its Dirac conjugate.
We also supressed the indices, such as ψ = (ψ
The Kawaguchi manifold becomes,
with the convention γ
Euler-Lagrange equations are derived by using (18),
Since spinors are Grassmann variables, note that differentiation with respect to ψ (ψ) must be taken by the right (left) derivatives. The equation (30) indicates that the energymomentum currents of the Dirac field conserves. As in the previous examples, the coordinates x µ , (µ = 0, 1, 2, 3) are cyclic coordinates, and this is the reason we can see the conservation law directly as a part of Euler-Lagrange equations. Similar discussions will follow for the choice of arbitrary parameters and the relation to the conventional theory.
D. Electromagnetic field theory
From the conventional Lagrangian of free electromagnetic field:
F µν F µν , we obtain our Kawaguchi manifold as,
whereF = dA µ ∧dx µ . The Euler-Lagrange equations are derived as,
Equation (34) represents the conservation law of energy-momentum current of electromagnetic field, and the current is given by,
The pull back of the equations (34) and (35) to the parameter space by parameterisation σ(x) is:
The last term of the pull backed current (37) is not gauge invariant with respect to the usual gauge transformation A ρ → A ρ + ∂ ρ χ. However, by using (38), this term becomes an exact term,
E. Maxwell-Dirac field theory
Now we will combine the last two examples, and consider the Dirac field interacting with the electromagnetic field. The Kawaguchi manifold becomes,
where
The covariant derivatives are defined by Dψ = dψ − ieA µ dx µ ψ andDψ = dψ + ieA µ dx µψ .
The Euler-Lagrange equations becomes,
The equation (42) expresses the energy-momentum conservation law of Maxwell-Dirac field theory. This Kawaguchi metric has a gauge symmetry described by the vector field, 
Its exterior derivative is,
This is the Noether's theorem. Since the functions Λ and ∂Λ ∂x σ are arbitrary, we have a charge conservation law
and equations(44). This could be regarded as the second Noether's theorem.
V. APPLICATION TO GENERAL RELATIVITY
Application to the Hilbert action of Einstein's general relativity requires a more gener- 
We call the pair (M, K) a second order Kawaguchi manifold. It also has the important property of reparameterisation invariance.
Let σ be an oriented 4-dimensional submanifold embedded in M, and its parameterisation
Our second order variable dz ef g ∧d 2 z abcd is related to the standard second order derivative by the pull back of σ 0 defined by,
Now, let σ 1 (t 0 , t 1 , t 2 , t 3 ) : W 1 ⊂ R 4 → σ be another parameterisation of σ, and suppose that an orientation preserving diffeomorphism f : W 1 → W 0 , such that σ 1 = σ 0 • f exists. Then, the pull back of σ * 0 dz ef g ∧d 2 z abcd by f becomes,
The r.h.s. is equal to σ * 1 dz ef g ∧d 2 z abcd + µ ef g dz abcd . Due to the non-linearity of dz ef g ∧d 2 z abcd , the standard relation σ * 1 = f * •σ * 0 does not hold for this variable. Next, we will define the pull back of second order 4-Kawaguchi metric by σ 0 (s) as, σ *
This is a 4-form on W 0 . We will pull back this variable to a 4-form on W 1 by f . By consid-ering the homogeneity condition (51) of K and the relation (53), we find,
despite the non-linearity of the second order variables. This property indicates that, as in the case of Finsler or first order Kawaguchi metric, the integration of this second order
Kawaguchi metric K over σ, also gives a reparameterisation invariant area for an oriented 4-dimensional submanifold of M:
If we are given the usual Lagrangian of second order field theory, namely, L u A , ∂u
A ∂x µ ∂x ν , then we can construct the second order Kawaguchi metric by,
where ε 0123 = 1, ε 0123 = −1,and (z a ) = (x µ , u A ). One can check that the Kawaguchi metric constructed in this way satisfies the homogeneity condition (51), and together with M = {(x µ , u A )}, we obtain the second order Kawaguchi manifold, (M, K).
The Lagrangian of the general relativity (vacuum) with cosmological constant λ is given by,
where κ = 8πG
, with all Greek indices running from 0 to 3. The Kawaguchi manifold (M, K) constructed from this Lagrangian is, Before proceeding, let us check if this Kawaguchi metric is a plausible one. We pull back K by the usual spacetime parameterisation σ(x), which we used to verify the case of scalar field theory. The pull back by σ(x) actually corresponds to considering the variables g µν as dependent variables of x µ . In this way, the pull back of (60) 
which is the standard Einstein-Hilbert Lagrangian 4-form.
The general expressions of Euler-Lagrange equations can be obtained by considering the variational principle. However, in some cases, it is much more easier to directly take the variation of the concrete Kawaguchi action, and we will take this approach. Remember, that in the covariant Lagrangian formulation, taking the variation δ means to take the Lie derivative with respect to arbitrary X ∈ Γ(T M), and Lie derivative is commutative with d.
For visibility, we will omit the pull back symbol σ * in the following discussion.
The variation of K becomes,
The Euler-Lagrange equations described by the pull back of the parameterisation σ : W ⊂ R 4 → M are the conditions for 4-dimensional submanifold σ to be an extremal submanifold
. We can use the following conditions to simplify the terms of δK:
where the sign σ = means the equality on the 4-dimensional submanifold σ embedded in M (ref. Appendix), and the second equality holds by,
The term δΓ µ ξ in Eq. (63) becomes zero under these conditions;
Consequently, we obtain the Euler-Lagrange equations as,
The pull back of these equations by σ(x) are,
where * is the Hodge operator defined by:
The equation (70) is the usual Einstein equation, and therefore, we may say that (68) is the Einstein equation with extended covariance. By the discussions in the previous section, equation (67) coming from the variation with respect to x µ should be considered as a conservation law of the energy-momentum current. Let us denote byJ G , the energy-momentum current of the gravitational field and byJ λ , that of the cosmological term, namely,
then equation (67) says that the total energy-momentum current:J σ =J G σ +J λ σ satisfies the covariant energy-momentum conservation law, 0 = dJ σ . To consider on the parameter space, namely, in the x µ coordinates, take the pull back by σ(x),
The above expression of energy-momentum of general relativity is one of our main results of the application of covariant Lagrangian formulation.
There are four independent equations as energy-momentum conservation (69), while six are independent equations of Einstein equation (70). Among these fourteen equations, six equations are mutually independent, and the conventional view is to take them from the Einstein equations (70). Actually, when the Einstein equation (70) holds, the total energymomentum current J σ is zero, and its conservation equation (69) is automatically satisfied.
Does this mean that the equation (74) is a tautology? We claim this is not the case.
Remember that the conservation law was obtained as a part of the Euler-Lagrange equations.
In the theory of extended covariance, there are no differences in their importance.
In such extended covariant perspective, Einstein's general relativity was just one case where a specific choice of parameterisation was made. The same goes for the choice of equation of motions. The equations (68) which corresponds to the balancing of stress energymomentum tensor, were merely one choice for the fundamental equations, and there is no reason not to choose the others, (67). Actually, by using the relations
which is just a linear combination of the standard Einstein equations, and is equivalent to the four degrees of freedom(70).
Gauge symmetry
In our formulation, the general coordinate transformation is simply represented as a geometrical symmetry of Kawaguchi metric. Let us consider a vector field
where f µ are functions of x µ . This is a generator of the gauge transformation of the Kawaguchi metric. We can show easily that g αβ dx α dx β is invariant under this gauge transformation, L G (g αβ dx α dx β ) = 0. We obtain the following transformation laws:
Then, we can calculate the transformation ofR µν ,
This is equivalent to the standard transformation law of the Riemann curvature. Then, the condition L G K = 0 can be checked as follows,
where we have used 
It is easy to see that the conservation law of the Noether current becomes,
Here, we used δK = L G K = 0 and the covariant Euler-Lagrange equations, (67) and (68).
This conservation law can be rewritten as,
Since f σ (x µ ) are arbitrary functions of x µ , f σ and its derivative terms must vanish separately. This is the second Noether's theorem. It means that, we can obtain the conservation law of the energy-momentum currentJ σ =J G σ +J λ σ also from the gauge symmetry (diffeomorphism invariance of general relativity). This is the similar mechanism when we derived the charge conservation law in the Maxwell-Dirac theory from the U(1) gauge symmetry.
The gauge transformation of the energy-momentum current is,
where we setG
The energy-momentum current is gauge-invariant on the 4-dimensional submanifold σ satisfying the equation of motion (70).
Einstein-scalar field theory
Here we will combine the Einstein's general relativity and the scalar field theory. We will use the Kawaguchi metric;
where we have defined dx µνρ = g µα g νβ g ργ dx αβγ , and the cosmological term is absorbed in the potential term V (φ). The variation of K now becomes,
where we set
The Euler-Lagrange equations are obtained as,
Einstein-Maxwell field theory
The Einstein-Maxwell field theory is described by
where we have defined dx ρσ = g ρα g σβ dx αβ . The variation of K becomes,
where we setJ
Since dx 0123 = 0 is assumed for 
which is the exact form. We obtain two conservation laws;
However, this happens due to the specific form of K Maxwell , and for more general model such as Born-Infeld, such separation of conserved currents does not occur.
VI. DISCUSSIONS
We have constructed the theory of covariant Lagrangian formulation in the setting of Kawaguchi geometry, and considered its application to several concrete models of field theory. In this formulation, we have shown that the conservation law of the energy-momentum currents appear as a part of the Euler-Lagrange equations. Mathematically, this result is due to the fact that the covariant Lagrangian formulation is set up on the Kawaguchi manifold which is an extended configuration space including the spacetime, and therefore the spacetime coordinates becomes cyclic for the field theory that usually does not have the explicit dependency on spacetime coordinates. Physically, the covariant Lagrangian formulation implies that the conservation law of energy-momentum currents are no less important than the conventional equations of motions. For example, instead of taking the Maxwell equations or Einstein's field equations for the starting point, we may also choose the conservation law equivalently for the same discussions. One particular application of this formulation is that we were able to propose a new way of understanding the energy-momentum current of general relativity. Similar as in the case of other field theories,it is derived as a part of
Euler-Lagrange equations, as a result of existing cyclic coordinates. In the previous studies, energy-momentum currents of general relativity was defined as a pseudo-tensor [2, 6, 10] , dependent only on the first order derivatives of g µν , but in our result, they are derived as geometric quantities including second order derivatives of g µν , by means of Euler-Lagrange equations. In the case of vacuum matter field, the energy-momentum current becomes is also some function of x µ , first derivatives. Namely, it is a tensor. When there exists a matter field, the gauge transformation of the energy-momentum current we defined becomes an exact form by on-shell conditions, indicating that the energy-momentum current becomes gauge invariant. There exists various definitions and interpretations for energy-momentum current of gravity, and we would like to present our current as one such alternative definition, to append to the end of those long lists [5, 16] . The physical interpretations are yet to follow.
Setting aside the problem of conserved currents of gravity, the formulation we proposed has several strong points. In the standard formulation, there are mainly two approaches to deal with the field theory; to consider the infinite dimensional configuration space and construct formal expressions, or to consider finite dimensional configuration space but use additional structures such as bundles. The first expression is simple but concrete problems are difficult to handle, and the second is applicable to concrete problems, but the structures and notations maybe sometimes difficult to handle for physicists. Our formulation is in a sense, a mixture of both, which has the simplicity of the former and the applicability of the latter. The actual calculations for concrete problems are accessible for most physicists as we have shown in the examples, and we hope this formulation could be helpful to understanding both past and future problems of physics.
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where A and B are the functions of x µ and dx µ i 1 µ i 2 ···µ i k (1 ≤ k ≤ N) and dimM = N.
It is related to the ambiguity of the notations such as dx µνρσ and dx αβγ ∧d 2 x µνρσ . The pull back of these quantities by parameterisation σ := σ(s) is defined by, 
If we treat these variables always by its pull back as above, no ambiguity will enter in the formulae. However, we also used them as first and second order differential forms on M.
For instance, Lie derivative L X is defined by,
Namely, we considered dx µνρσ as a 4-form on M, rather than the coordinate function on 
and we define the notation of the second order differential form dx αβγ ∧d 2 x µνρσ by a recursive action of this first order form,
Such operation allows us to simplify the calculation (such as taking the variation of the Kawaguchi metric) by using the standard computation technique of exterior and Lie derivative, without being aware of further details such as the background mathematical structures.
While given the 4-dimensional submanifold, a 4-vector field could be defined as an oriented surface element on each points of M, the converse is not always true. This problem of the integrability of the vector field is the source of the ambiguity. Namely, the formula (such as K, L X K) expressed by variables on M, when pulled back to the 4-dimensional integral submanifold, may give the same value for different expressions. For example, there are identities such as,
Nevertheless, variational principle is given by the pull back equation, σ * δK = 0, which as we mentioned previously, does not include such ambiguity, and knowing that this pull back by σ removes the ambiguity, we can safely use the symbol σ = to indicate the equivalence implied under the relation (109).
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